Abstract. -Extending previous results we show that there are no Petrov type III space-times on which either the Weyl neutrino equation or Maxwell's equations satisfy Huygens' principle. We prove the result by using Maple's NPspinor package to convert the five-index necessary condition obtained by Alvarez and Wünsch to dyad form. The integrability conditions of the problem lead to a system of polynomial equations.
Introduction
This paper is the sixth in a series devoted to the solution of Hadamard's problem for the conformally invariant scalar wave equation, Weyl's neutrino equation and source-free Maxwell's equations. These equations can be written respectively as
The conventions and formalism used in this paper are those of Carminati and McLenaghan [6] (CM in the sequel). All considerations in this paper are entirely local. Part of the calculations presented here were performed using the NPspinor package available in Maple [7, 8] . † Published on Ann. Inst. Henri Poincaré (A) Phys. Theorique 65, 256 (1996) * Present address: Department of Mathematics, CCT-UDESC, 89223-100 Joinville, SC, Brazil, fsasse@joinville.udesc.br Huygens' principle is valid for eqs. (1), (2) and (3) if and only if for every Cauchy initial value problem and every point x 0 in the 4-dimensional pseudo-Riemannian space V 4 , the solution depends only on the Cauchy data in an arbitrarily small neighborhood of S ∩ C − (x 0 ), where S denotes the initial surface and C − (x 0 ) the past null conoid from x 0 [12, 20, 10 ]. Hadamard's problem for equations (1) , (2) and (3), originally posed only for scalar equations, is that of determining all space-times for which Huygens' principle is valid for a particular equation. As a consequence of the conformal invariance of the validity of Huygens' principle, the determination may only be effected up to an arbitrary conformal transformation on the metric in V 4g ab = e 2ϕ g ab ,
where ϕ is an arbitrary real function. It is known that Huygens' principle is valid for (1), (2) and (3) on any space-time conformally related to the exact plane-wave [10, 13, 21] , with metric
in a special coordinate system where D and e are arbitrary functions. These are the only known space-times on which Huygens' principle is valid for these equations. Furthermore, it has been shown [11, 14, 21] that these are the only conformally empty space-times on which Huygens' principle is valid.
In the non-conformally empty case several results are known. In particular for Petrov type N, the following result has been proved [3, 4, 2] : Every Petrov type N space-time on which the equations (1), (2) and (3) satisfy Huygens' principle is conformally related to an exact plane wave space-time (5) . For the case of a Petrov type D the following result has been established [5, 22, 17] : There exist no Petrov type D space-times on which equations (1), (2) or (3) satisfy Huygens' principle.
In this paper we complete the analysis for Petrov type III spacetimes given by CM, in the case of equations (1) and (2) . Our main result is contained in the following theorem: Theorem 1. There exist no Petrov type III space-times on which Weyl's equation (2) or Maxwell's equations (3) satisfy Huygens' principle.
Previous results
Let Ψ ABCD denote the Weyl spinor. Petrov type III space-times are characterized by the existence of a spinor field o A satisfying
Such spinor field is called a repeated principal spinor of the Weyl spinor and is determined by the latter up to an arbitrary variable complex factor. Let ι A be any spinor field satisfying
The ordered set {o A , ι A }, called a dyad, defines a basis for the 1-spinor fields on V 4 . The main results obtained by CM can then be stated as follows:
Theorem 2. The validity of Huygens' principle for the conformally invariant scalar wave equation (1) , or Maxwell's equations (2), or Weyl's neutrino equation (3) on any Petrov type III space-time implies that the space-time is conformally related to one in which every repeated principal spinor field o A of the Weyl spinor is recurrent, that is
where I BḂ is a 2-spinor, and
Theorem 3. If any one of the following three conditions
is satisfied, then there exist no Petrov type III space-times on which the conformally invariant scalar wave equation (1) or Maxwell's equations (2), or Weyl's neutrino equation (3) satisfies Huygens' principle. It will be proved here that conditions (11) to (13) are superfluous in the cases of equations (2) and (3), i.e., they are consequences of the necessary conditions for the validity of Huygens' principle, in particular of the five-index necessary conditions derived by Alvarez and Wünsch [1, 2] .
Necessary conditions
In order to prove the Theorem 1 we shall need the following necessary conditions for the validity of Huygens' principle [9, 19, 16, 15, 20] :
where
In the above C abcd denotes the Weyl tensor, R ab the Ricci tensor and T S[ ] the operator which takes the trace free symmetric part of the enclosed tensor. In (15) (3) , that was found by Alvarez and Wünsch [1, 2] . It can be written in the form
where σ 1 and σ 2 are fixed real numbers, and
It is worth to mention that, in our conventions, the Riemann tensor, Ricci tensor and the Ricci scalar have opposite sign to those used by Alvarez and Wünsch [2] . The spinor equivalents of conditions III and V are given, respectively, by [17, 4] 
4 Proof of Theorem 1
In CM, Theorem 2 was proved by using conditions III and V. The explicit form of these necessary conditions is obtained by first converting the spinorial expressions to the dyad form and then contracting them with appropriate products of o A and ι A and their complex conjugates. In particular, it was shown, that there exists a dyad {o A , ι A } and a conformal transformation such that
where c is a constant. By contracting condition (III) with ι AB oȦḂ and ι A o B ιȦḂ (where the notation
. has been used) we get, respectively,
From the Bianchi identities, using the above conditions, we obtain
Using Ricci identities we get
We can obtain useful integrability conditions for the above identities by using NP commutation relations. Using (33), (34), (37), (32), (38), (39), (40) and (42) in the commutator
We shall consider both Maxwell and Weyl cases separately. We begin with the Maxwell equations, i.e., k 1 = 5 and k 2 = 16. By contracting condition V with ι ABCD ιȦḂoĊḊ, we get 62βπ + 40βα + 6πα + 3α
Substituting (32) into this equation results in
Now, from (41), (42) and (43) we obtain
Contracting condition V with ι ABC o D ιȦḂĊoḊ, using (38), (42) and the complex conjugate of (43), we get
Using (45), (46), (32), (41), (42), (43) and (47) 
, we obtain one expression for Dµ. Substituting it in (47) and solving for Dµ we obtain
where we have assumed that β − 5α − 8π = 0. By substituting this equation into (46), we find:
We note that (48) and (49) have the same denominator. So, in what follows we shall use the Pfaffians δα, δπ, and δβ, given by (41), (42) and (43), respectively, and their complex conjugates, in such a way that they have all the same denominator. This procedure simplifies the expressions to be obtained from the integrability conditions. Now need to convert (19) to the spinor form in the dyad basis. The resulting expression, obtained using Maple's package NPspinor [8] , has a considerable size, specially due to the term in (20) containing a third order derivative of the Weyl tensor, and will not be presented here. However, among the twenty one independent spinor components, we found a relatively simple one, obtained by contracting the dyad expression with ι AB o CDE ιȦḂĊḊĖ, It has the following form:
We observe that the terms (21) and (22) did not contribute to this component. Using (45) to eliminate δπ from this equation, and solving for δα we get
and
We have now all the Pfaffians we need to complete the proof. The integrability conditions provided by the NP commutation relations can now be used. Let us consider the NP commutator [δ, δ]α. Using the Pfaffians calculated previously, and solving for Φ 11 , we obtain
On the other hand, from the commutator [δ, δ](α + β) the following expression for Φ 11 results: 
Using the fact that δ(Φ 11 ) = 0, we obtain, from (55), a third expression for Φ 11 : 
We now suppose that the denominators in these three expressions for Φ 11 are different from zero. Later we consider the cases in which each of them is different from zero. We also suppose that spin coefficients α, β, π are different from zero. It was shown in CM that if one of these spin coefficients is equal to zero, the others must be zero too, and Huygens' principle is violated.
The next step consists in proving that (53), (55), and (57) imply that α, β and π are proportional to each other. In order to get a system of with only two complex variables, instead of three, new variables are defined as follows:
By subtracting (53) from (55), taking the numerator and dividing by (8−x 2 −5x 1 )(5776x 2 2 ππ), we get 
At this point we shall consider x 1 , x 2 , x 1 , x 2 as independent variables, and use the package grobner in Maple, for the polynomial system formed by the polynomials N 1 , N 2 . This package computes a collection of reduced (lexicographic) Gröbner bases corresponding to a set of polynomials. The result is a list of reduced subsystems whose roots are those of the original system, but whose variables have been successively eliminated and separated as far as possible. In the present case we obtain four subsystems given by The only sets where the solutions x 1 = const., x 2 = const. are not obvious are G 1 and G 4 . For G 1 , if we substitute x 1 = −8/5 into N 1 we get 195x 2 x 2 + 702/5 = 0, which is incompatible with the first equation of this set.
Let us consider now the fourth and fifth equations in set G 4 given, respectively, by 
By applying grobner to (64), (65) and their complex conjugates (in this case, two new equations), we obtain a system of polynomials for which all solutions have x 1 and x 2 constant. Let us consider now the special cases in which the denominators in the previous expressions for Φ 11 are zero. The denominators of (55), (53), and (57) are given, respectively, by 
We need now to study the case in which x 1 and x 2 are constants. From δx 1 = δ(α/π) = 0 and δx 2 = δ(β/π) = 0 we get, respectively, 31
and 63 x 2 + 40 x 2 x 1 + x 1 = 0 .
The above equations have two solutions, given by x 1 = −3/2, x 2 = 1/2 and x 1 = x 2 = −8/5. The first one satisfies 5x 1 + x 2 − 8 = 0, which will be considered next. The second case is impossible, since these values don't make N 1 equal to zero. Let us now consider the case:
or, using variables x 1 and x 2 , and dividing by π,
Applying δ to this equation, using (32),(51) and (52), we get 34x 2 x 1 − x 2 2 + 56x 2 + 15x 1 2 + 24x 1 = 0 .
The only solution for both equations is given by
Since the numerator on the right side of (48) must be zero, we obtain, solving for Φ 11 ,
Applying δ on this equation, we obtain δπ = −ππ .
Equations (39) and (82) give δπ = π 2 .
Computation of the commutator [δ, δ]π, using (84) and (85) gives π = 0. Finally, we consider the case Φ 11 = 0. Here both denominators of (55), and of (57) must be equal to zero. Applying Buchberger-Gröbner algorithm to them and their complex conjugates and using the variables defined in (60), we can verify that the only possible solutions again fall in cases we have studied before, i.e., either x 1 or x 2 are zero, or both x 1 and x 2 are constants.
Conclusions
Theorem 1 was proved for the case of Maxwell equations, i.e., there are no Petrov type III space-times on which Maxwell's equations satisfy Huygens' principle. For the neutrino case, k 1 = 8, k 2 = 13, the proof is similar [18] . The use of the package NPpsinor in Maple was essential for the conversion of the Alvarez-Wünsch five-index necessary condition from the tensorial to dyad form.
The polynomial system obtained from the integrability conditions was simplified using Maple's package grobner. Since a direct application of the algorithm is apparently impossible due to the large size of the polynomial system, a "divide and conquer" approach was applied with success, showing that the necessary conditions III and V for the validity of Huygens' principle cannot be simultaneously satisfied for Maxwell's equations in Petrov type III space-times.
